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1 Introduction
These lecture notes continue the study of noncommutative gauge theory in two
dimensions which was begun in [1] at the classical level. In this second part we
shall deal with matters concerning the quantization of these gauge theories,
and in particular demonstrate how to explicitly obtain non-perturbative solu-
tions. Some background and motivation for dealing with this particular class
of models may be found in [1] and won’t be repeated here. Various aspects
of two-dimensional noncommutative gauge theory have been studied over the
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past few years in [2]–[14]. In the present article we shall only analyze the vac-
uum amplitudes of these theories. More general gauge invariant correlation
functions are studied in [6, 8, 9],[11]–[14]. Reviews on noncommutative field
theory pertinent to the present material may be found in [15]–[17]. A detailed
review of ordinary Yang-Mills theory in two dimensions is given in [18]. All
relevant mathematical details and properties of the classical noncommutative
gauge theory may be found in [1] and are briefly reviewed in section 1.2 below.
1.1 How to Solve Yang-Mills Theory in Two Dimensions
When one comes to the issue of quantizing noncommutative gauge theory
in two dimensions, one is naively faced with a plethora of possibilities. The
commutative version of this theory has a long history as an exactly solvable
quantum field theory, and as such is explicitly solvable by many different
techniques. We will therefore begin with a brief run through of the various
methods that may be used to solve ordinary Yang-Mills theory, and elucidate
on the possibilities of extending them to the noncommutative setting.
Heat Kernel/Group Theory Methods
One of the most profound features of two-dimensional Yang-Mills theory is
the interplay between the two-dimensional geometry on which it is defined
and the representation theory of its structure group [18]. As will be reviewed
in section 3.1, the propagator between two states may be easily written down
in terms of the standard heat kernel on the group manifold of the structure
group, and from this the vacuum amplitude and Wilson loops on arbitrary
geometries may be extracted. However, these techniques are not readily avail-
able in the noncommutative case for several reasons. First and foremost is
the lack of a notion of structure group in the noncommutative setting. While
there is a well-defined gauge group, it mixes spacetime and internal colour
symmetries through noncommutative gauge transformations and there is no
clear separation of spacetime and internal degrees of freedom. Secondly, a
Hamiltonian formalism is not available because making time a noncommuta-
tive coordinate causes problems with unitarity and the overall interpretation
of time-evolution in these systems. While this approach in the commutative
case will play a crucial role in the foregoing line of development, it is not the
one that will be a priori used analyse the quantum field theory. The group
theory approach in the noncommutative setting has been analysed recently
in [14].
Integrability
The fact that Yang-Mills theory is exactly solvable in two-dimensions is inti-
mately connected with the fact that it is related to an integrable system [19]. It
is possible to relate dynamics in this theory to that of certain one-dimensional
gauged matrix models which are related to Calogero-Moser systems [20, 21].
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While the integrability of the noncommutative counterpart may be established
to a certain extent [1], it is not clear what integrable structure underlies this
system. This line of attack therefore does not immediately lead to an appro-
priate generalization.
Semi-Classical Methods
One way to understand the exact solvability of the two-dimensional gauge
theory is through the observation that its partition function and observables
are given exactly by their semi-classical approximation [22]. This is related
to the fact that ordinary Yang-Mills theory can be recast as a cohomological
field theory in two dimensions. These properties do generalize to the noncom-
mutative setting with some care, as we discuss in section 2. In fact, these
techniques will be the focal point of much of this article. They have been re-
cently applied in [14] to explicitly compute the correlation functions of open
Wilson line operators.
Lattice Regularization
Discretizing spacetime also provides a fruitful way of tackling the problem and
is at the very heart of the group theory methods mentioned above [23, 24].
While a lattice formulation of noncommutative gauge theory is available [25],
it is much more complicated than its commutative version because the nice
self-similarity property possessed by the latter is ruined by the inherent non-
locality of the former. Nonetheless, we have succeeded in explicitly solving the
lattice model in two dimensions at finite cutoff, and this is new material which
will be presented in detail in section 5. We shall therefore postpone further
discussion of this approach until then.
Relations to Other Field Theories
Besides its relationship with a cohomological gauge theory, two-dimensional
quantum Yang-Mills theory may also be related to various other field theories
in certain limits, such as three-dimensional Chern-Simons theory and two di-
mensional conformal field theory [26]. These connections can be used to give
explicit formulas for the volumes of the moduli spaces of representations of
fundamental groups of two-dimensional surfaces. As we discuss in section 4,
some of these volumes are also effectively computable in the noncommutative
setting. These ideas can also all be cast into the formalism of abelianiza-
tion [21], a technique that relies heavily upon the presence of a well-defined
structure group. However, it is not clear what sort of mathematical structures
one should find in general and these further connections remain an interesting,
as yet unexplored area of this subject.
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1.2 Background from Part 1
As we have mentioned above, the solution of the quantum gauge theory will
be determined in large part by the very structure of the classical solutions of
the field theory. This is described at length in [1]. To keep the presentation of
the present article reasonably self-contained and to set some notation, we shall
briefly summarize the classical solutions of gauge theory on a noncommuta-
tive torus in two-dimensions that were obtained in [1]. The classical action is
defined on a fixed Heisenberg module Ep,q over the algebra Aθ of functions
on the noncommutative torus of fixed topological numbers (p, q) ∈ Z2, with q
the Chern number, dim Ep,q = p− q θ > 0, and N = gcd(p, q) the rank of the
gauge theory. It is given explicitly by
S[A] =
1
2g2
Tr [∇1 , ∇2]2 = 1
2g2
∫
d2x trN
(
FA(x) − 2π q
p− q θ
)2
, (1)
where ∇ = ∂ + A is a connection on Ep,q and FA is the corresponding field
strength. In the first equality of (1), Tr is the canonical trace on the endomor-
phism algebra End(Ep,q). In the second equality the integration extends over
the two-dimensional, unit area square torus T2, trN is the usual N×N matrix
trace, and the constant subtraction corresponds to the constant curvature of
the module Ep,q.
Classical solutions of this gauge theory are in a one-to-one correspondence
with the direct sum decompositions
Ep,q =
⊕
k
Epk,qk (2)
of the given Heisenberg module into projective submodules. These are char-
acterized by partitions (p , q ) = {(pk, qk)} of the topological numbers (p, q)
satisfying the constraints
pk − qkθ > 0 ,∑
k
(pk − qkθ) = p− q θ ,∑
k
qk = q . (3)
In addition, to avoid overcounting, it is sometimes useful to impose a further
ordering constraint pk−qkθ ≤ pk+1−qk+1θ ∀k, and regard any two partitions
as the same if they coincide after rearranging their components according to
this ordering. We may then characterize the components of a partition by
integers νa > 0 which are defined as the number of partition components that
have the ath least dimension pa − qaθ. The integer
|ν| =
∑
a
νa (4)
is then the total number of components in the given partition. The noncom-
mutative Yang-Mills action (1) evaluated on a classical solution, with corre-
sponding partition (p, q), is given by
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S(p, q) =
2π2
g2
∑
k
(pk − qkθ)
(
qk
pk − qkθ −
q
p− q θ
)2
. (5)
1.3 Outline
The outline of material in the remainder of this paper is as follows. In sec-
tion 2 we will carefully define the quantum theory, examine a deep “hidden”
supersymmetry of it, and prove that the partition function and observables
are all given exactly by their semi-classical approximation. In section 3 we
will derive an exact, analytical expression for the partition function of gauge
theory on the noncommutative torus in two dimensions, and use it to analyse
precisely how noncommutativity alters the properties of Yang-Mills theory on
T2. In section 4 we will describe how to organize the non-perturbative expres-
sion for the vacuum amplitude into a sum over contributions from (unstable)
instantons of the two-dimensional gauge theory, and compare with analogous
expressions obtained on the noncommutative plane. This paves the way for
our analysis in section 5 which deals with the matrix model/lattice formu-
lation of noncommutative gauge theory in two dimensions. We will present
here a new, exact expression for the partition function on the fuzzy torus, and
describe the scaling limits which map this model onto the continuum gauge
theory.
2 Quantum Gauge Theory on the Noncommutative
Torus
In this section we will carefully define the quantum gauge theory within the
path integral formalism. We will show that it admits a natural interpreta-
tion as a phase space path integral of an infinite-dimensional Hamiltonian
system, the noncommutative Yang-Mills system. In this formulation a partic-
ular cohomological symmetry of the quantum theory is manifest, which leads
immediately to the property that the partition function is given exactly by
its semi-classical approximation. While naively the vacuum amplitude may
seem to merely produce uninteresting determinants, the non-trivial topology
of the torus provides a rich analytic structure (through large gauge transfor-
mations). For some time we will neglect the constant curvature subtraction
in the action (1), and simply reinstate it when we come to the derivation of
the exact formula for the partition function. This is possible to do because of
the Morita invariance of the gauge theory [1].
2.1 Definition
The quantum field theory is defined formally through the functional integral
Z =
∫
DA e−S[A] , (6)
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where S[A] is the noncommutative Yang-Mills action (1). The integration in
(6) is over the space C = C(E) of compatible connections on a given fixed
Heisenberg module E = Ep,q. Since the action is gauge invariant, the inte-
gration measure DA must be carefully defined so as to select only gauge
orbits of the field configurations. There is a very natural way to define this
measure in the present situation. As discussed in [1], the noncommutative
Yang-Mills system naturally defines a Hamiltonian system with moment map
µ[A] = FA, so that the Yang-Mills action is the square of the moment map,
S[A] = Trµ[A]2/2g2. The gauge-invariant symplectic form
ω[α, β] = Trα ∧ β , α, β ∈ Ω1(E) , (7)
is defined on the tangent space to C, which is identified as the space Ω1(E) =
End(E)⊗∧1 L∗ with L the (centrally extended) Lie algebra of the translation
group acting on T2. We have defined α∧ β ≡ α1β2−α2β1 with respect to an
orthonormal basis of L.
We now let
dA =
N∏
a,b=1
∏
x∈T2
dAab1 (x) dA
ab
2 (x) (8)
be the usual, formal (gauge non-invariant) Feynman path integral measure
on C, and let ψ be the odd generators of the infinite-dimensional superspace
C ⊕ΠΩ1(E) with corresponding functional Berezin measure dA dψ, where Π
is the parity reversion operator. We may then define
DA = dA
∫
dψ e− iω[ψ,ψ] , (9)
where here and in the following we will absorb the infinite volume of the group
G = G(E) of gauge transformations on C (determined by the Haar measure
dν on G induced by the inner product (λ, λ′) = Tr λλ′, λ, λ′ ∈ End(E)), by
which (9) should be divided. By construction, this measure is gauge-invariant
and coincides with the functional Liouville measure associated to the infinite-
dimensional dynamical system. An infinitesimal gauge transformation A 7→
A + [∇, λ], λ ∈ End(E) on C naturally induces the transformation ψ 7→ ψ +
[λ, ψ] on its tangent space, under which (7) is invariant. In this setting the
partition function (6) is naturally defined as a phase space path integral. Note
that, since the fermion fields ψ appear only quadratically in (9), this measure
coincides with that of its commutative counterpart at θ = 0.
While this definition is very natural in the present context, we should
demonstrate explicitly that it coincides with the more conventional gauge field
measure obtained from the standard Faddeev-Popov gauge fixing procedure.
The basic point is that the measure (9) has the following requisite property.
Let π : C → C/G be the projection onto the quotient space of C by the
gauge group G. Then the quotient measure DA on C/G is the measure which
satisfies dA = π∗(DA) dν. The Faddeev-Popov procedure constructs DA by
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introducing the standard fermionic ghost field c ∈ ΠΩ0(E) = Π End(E), and
the anti-ghost multiplet consisting of a fermionic field c ∈ ΠΩ0(E) and a
bosonic field w ∈ Ω0(E), along with the BRST transformation laws
δA = −[∇, c] ,
δc = 12 [c, c] ,
δc = iw ,
δw = 0 (10)
obeying δ2 = 0.
The gauge-fixing term is given by I = −δV for a suitable functional V of
the BRST field multiplet. For this, we write a generic connection ∇ in the
neighbourhood of a representative ∇0 = ∂ + A0 ∈ C of its gauge orbit as
∇ = ∇0 + B, and make the local choice V = − Tr c∇0 · B, where we have
defined α ·β ≡ α1β1+α2β2 for cotangent vectors α, β ∈ Ω1(E). This produces
I = Tr
(
iw∇0 · B − c∇0 · ∇c) , (11)
and the gauge fixed path integral measure is then defined by
DA = dA0
∫
dB dc dc dw e−I . (12)
Formally integrating over the bosonic field w and the Grassmann fields c, c
gives
DA = dA0
∫
dB δ
(∇0 ·B) det∇0 · ∇ . (13)
The integration overB enforces the gauge condition∇0·B = 0 on the quantum
field theory with the choice (11) of gauge-fixing term. Since δ(∇0 · B) =
δ(B)/| det∇0 · ∇0|, the resulting ratio of determinants after integrating out
B in (13) coincides exactly with the determinant induced by integrating out
ψ in (9). Thus the elementary measure defined by the symplectic structure of
C coincides with that of the usual Faddeev-Popov gauge-fixing procedure.
2.2 The Cohomological Gauge Theory
We will now describe a remarkable cohomological symmetry of the partition
function (6), with path integration measure (9), which will be the crux of much
of our ensuing analysis of the quantum gauge theory. For this, we linearize the
Yang-Mills action in the field strength FA via a functional Gaussian integral
transformation defined by an auxilliary field φ ∈ Ω0(E) as
Z =
∫
dφ e−
g2
2 Trφ
2
∫
dA dψ e− i Tr (ψ∧ψ−φFA) . (14)
Note that because of the quadratic form of the action in (14), the only place
where noncommutativity is buried is in FA. This is one of the features that
makes this quantum field theory effectively solvable.
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The basic field multiplet (A,ψ, φ) possesses a “hidden supersymmetry”
that resides in the cohomology of the operator
Qφ = Tr
(
ψ · δδA + [∇, φ] · δδψ
)
(15)
which generates the transformations
[Qφ, A] = ψ ,
{Qφ, ψ} = [∇, φ] ,
[Qφ, φ] = 0 . (16)
The crucial property of the operator Qφ is that it is nilpotent precisely on
gauge invariant field configurations,
(Qφ)
2 = δφ , (17)
where δλA = [∇, λ] is an infinitesimal gauge transformation with gauge pa-
rameter λ ∈ End(E). Furthermore, the linearized action on C ⊕ΠΩ1(E), for
fixed φ, is closed under Qφ,
Qφ Tr (ψ ∧ ψ − φFA) = 0 , (18)
which follows from the Hamiltonian flow equations for the moment map
µ[A] = FA and symplectic structure (7) [1]. Thus the partition function
(14) defines a cohomological gauge theory with supersymmetry (16) and
(A,ψ, φ) the basic field multiplet of topological Yang-Mills theory in two di-
mensions [22].
The nilpotency property (17) implies that the operator Qφ is simply the
BRST supercharge, acting in the quantum field theory (14), which generates
the transformations (10). Gauge fixing in this setting amounts to introduc-
ing additional anti-ghost multiplets analogous to those that were used in the
previous subsection for BRST quantization. We shall return to this point in
section 4.1. From a more formal perspective, Qφ is the Cartan model differ-
ential for the G-equivariant cohomology of C [27]. The second term in the
action of (14) is the G-equivariant extension of the moment map on C, the in-
tegration over A,ψ defines an equivariant differential form in ΩG(C), and the
integral over φ defines equivariant integration of such forms. In this way, as
we explain in the next subsection, the cohomological symmetry of the quan-
tum field theory will lead to a localization theorem for the partition function.
Fundamentally, the localization points correspond to the BRST fixed points
of the anti-ghost multiplets.
2.3 Localization of the Partition Function
We now come to the fundamental consequence of the hidden supersymmetry
of the previous subsection. Let α be any gauge invariant functional of the fields
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of (14), i.e. (Qφ)
2α = 0, and consider the one-parameter family of partition
functions defined by
Zt =
∫
dφ e−
g2
2 Trφ
2
∫
dA dψ e− i Tr (ψ∧ψ−φFA)−tQφα (19)
with t ∈ R. The t → 0 limit of (19) is just the partition function (14) of
interest, Z = Z0. The remarkable feature of (19) is that it is independent
of the parameter t ∈ R. This follows from the Leibnitz rule for the func-
tional derivative operator Qφ, the supersymmetry (18) of the (equivariantly
extended) action, and the gauge invariance of α which, along with a formal
functional integration by parts over the superspace C ⊕ΠΩ1(E), can be easily
used to show that ∂Zt/∂t = 0. This is a basic cohomological property of the
noncommutative quantum field theory. Adding a supersymmetric Qφ-exact
term to the action deforms it without changing the value of the functional
integral. It follows that the path integral (14) can be alternatively evaluated
as the t → ∞ limit of the expression (19). It thereby receives contributions
from only those field configurations which obey the equations Qφα = 0.
At this stage we need to specify an explicit form for α. Different choices will
localize the partition function onto different components in field space, but
the final results are (at least superficially) all formally identical. A convenient
choice is α = Trψ · [∇, FA], for which the t→∞ limit of (19) yields
Z =
∫
dA dψ e
− Tr
(
iψ∧ψ+ 1
2g2
(FA)
2
)
lim
t→∞
e
− t
2
2g2
Tr
[
∇·, [∇,FA]
]2
× (fermions) (20)
after performing the functional Gaussian integration over φ. These arguments
of course assume formally that the original action has no flat directions, but
in the present case this is not a problem since it has a nondegenerate kinetic
energy. The additional terms involving the Grassmann fields ψ in (20) formally
yield a polynomial function in the parameter t after integration, and their
precise form is not important. What is important here is the quadratic term
in t, which in the limit implies that the functional integral vanishes everywhere
except near those points in C which are solutions of the equations[∇ ·, [∇, FA] ] = 0 , (21)
where we have used positivity of the trace Tr on End(E). By using the Leibnitz
rule and the integration by parts property Tr [∇, λ] = 0 this equation implies
0 = TrFA
[∇ ·, [∇, FA] ]2 = − Tr [∇, FA] · [∇, FA] . (22)
By using non-degeneracy of the trace on End(E) we arrive finally at
[∇, FA] = 0 , (23)
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which are just the classical equations of motion of the original noncommutative
gauge theory.
We have thereby formally shown that the partition function of noncom-
mutative gauge theory in two dimensions receives contributions only from
the space of solutions of the noncommutative Yang-Mills equations. As we
reviewed in section 1.2, each such solution corresponds to a partition (p, q),
obeying the constraints (3), of the topological numbers (p, q) of the given
Heisenberg module E = Ep,q on which the gauge theory is defined. Symboli-
cally, the partition function is therefore given by
Z = Zp,q =
∑
partitions
(p,q)
W (p, q) e−S(p,q) . (24)
This result expresses the fact that quantum noncommutative gauge theory in
two dimensions is given exactly by a sum over contributions from neighbour-
hoods of the stationary points of the Yang-Mills action (1). The Boltzmann
weight e−S(p,q) involving the action (5) gives the contribution to the path
integral (6) from a classical solution, while W (p, q) encode the quantum fluc-
tuations about each stationary point. These latter terms may in principle
be determined from (20) by carefully integrating out the fermion fields and
evaluating the functional fluctuation determinants that arise. However, these
determinants are not effectively computable and are rather cumbersome to
deal with. In the next section our main goal will be to devise an alterna-
tive method to extract these quantum fluctuation terms and hence the exact
solution of the noncommutative quantum field theory.
3 Exact Solution
In this section we will present the exact solution of gauge theory on the non-
commutative torus in two dimensions. We will start by recalling some well-
known facts about ordinary Yang-Mills gauge theory in two dimensions, and
show how it can be cast precisely into the form (24). From this we will then ex-
tract the exact expression in the general noncommutative case. Our techniques
will rely heavily on the full machinery of the geometry of the noncommutative
torus.
3.1 The Torus Amplitude
The vacuum amplitude for ordinary Yang-Mills theory on the torus T2 with
structure group U(p) and generators T a, a = 1, . . . , p2 may be obtained as fol-
lows [18]. Let us consider the physical Hilbert space, in canonical quantization,
for gauge theory on a cylinder R× S1 (fig. 1). In two dimensions, Gauss’ law
implies that the physical state wavefunctionals Ψphys[A] = Ψ [U ] depend only
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on the holonomy U = P exp i
∫ L
0
dx A1(x) of the gauge connection around
the cycle of the cylinder. By gauge invariance, Ψ furthermore depends only on
the conjugacy class of U . It follows that the Hilbert space of physical states is
the space of L2-class functions, invariant under conjugation, with respect to
the invariant Haar measure [dU ] on the unitary group U(p),
Hphys = L2
(
U(p)
)Ad(U(p))
. (25)
By the Peter-Weyl theorem, it may be decomposed into the unitary irre-
ducible representations R of U(p) as Hphys ∼=
⊕
RR⊗R. The representation
basis of this Hilbert space is thereby provided by characters in the unitary
representations, such that the states |R〉 have wavefunctions
〈U |R〉 = χR(U) = trR U . (26)
U1 U2
T
L
Fig. 1. Quantization of Yang-Mills theory on a spatial circle of circumference L
yields the propagation amplitude between two states characterized by holonomies
U1 and U2 in time T .
The Hamiltonian acting on the physical state wavefunctions Ψ [U ] is given
by the Laplacian on the group manifold of U(p),
H = g
2
2 L tr
(
U ∂∂U
)2
, (27)
and it is thereby diagonalized in the representation basis as
HχR(U) =
g2
2 LC2(R) χR(U) , (28)
where C2(R) is the eigenvalue of the quadratic Casimir operator C2 =∑
a T
a T a in the representation R. From these facts it is straightforward to
write down the cylinder amplitude corresponding to propagation of the system
between two states with holonomies U1 and U2 in the form (fig. 1)
Zp(T ;U1, U2) = 〈U1| e−T H |U2〉 =
∑
R
χR(U1)χR(U
†
2 ) e
− g
2
2 LT C2(R) . (29)
This is just the standard heat kernel on the U(p) group. In keeping with our
previous normalizations, we shall set the area of the cylinder to unity, LT = 1.
To extract from (29) the partition function of U(p) Yang-Mills theory on the
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torus, we glue the two ends of the cylinder together by setting U1 = U2 = U
and integrate over all U by using the fusion rule for the U(p) characters,∫
[dU ] χR1(V U)χR2(U
†W ) = δR1,R2
χR1(VW )
dimR1
, (30)
where dimR = χR(11). This yields the torus vacuum amplitude
Zp =
∫
[dU ] Zp(T ;U,U) =
∑
R
e−
g2
2 C2(R) . (31)
We can make the sum over the irreducible unitary representations R of
U(p) in (31) explicit by using the fact that each R is labelled by a decreasing
set n = (n1, . . . , np) of p integers
+∞ > n1 > n2 > · · · > np > −∞ (32)
which are shifted highest weights parametrizing the lengths of the rows of the
corresponding Young tableaux. Up to an irrelevant constant, the quadratic
Casimir can be written in terms of these integers as
C2(R) = C2(n) =
p∑
a=1
(
na − p− 1
2
)2
. (33)
Since (33) is symmetric under permutations of the na’s, it follows that the
ordering restriction (32) can be removed in the partition function (31) to
write it as a sum over non-coincident integers as (always up to inconsequential
constants)
Zp =
∑
n1 6=···6=np
e−
g2
2 C2(n) . (34)
We may extend the sums in (34) over all n ∈ Zp by inserting the products of
delta-functions
det
1≤a,b≤p
(δna,nb) =
∑
σ∈Sp
(−1)|σ|
p∏
a=1
δna,nσ(a) . (35)
The vanishing of the determinant for coincident rows prevents any two na’s
from coinciding when inserted into the sum.
Because of the permutation symmetry of (33), when inserted into the par-
tition function (34) the sum in (35) truncates to a sum over conjugacy classes
[1ν1 2ν2 · · · pνp ] of the symmetric group Sp. They are labelled by partitions of
the rank p of the gauge theory,
ν1 + 2ν2 + · · ·+ pνp = p , (36)
where νa is the number of elementary cycles of length a in [1
ν1 2ν2 · · · pνp ].
The sign of such a conjugacy class is (−1)p+|ν| and its order is p!/∏a aνa νa!,
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where |ν| = ν1 + ν2 + · · · + νp is the total number of cycles in the class. By
using this, along with the Poisson resummation formula
∞∑
n=−∞
e−π g n
2−2π i b n =
1√
g
∞∑
q=−∞
e−π(q−b)
2/g , (37)
we may bring the vacuum amplitude (34) after some work into the form [10]
Zp =
∑
ν :
∑
a aνa=p
∞∑
q1,...,q|ν|=−∞
e iπ
(
|ν|+(p−1)q
)
×
p∏
a=1
(
g2a3/2π2
)−νa/2
νa!
e−S(ν,q) , (38)
where q = q1 + q2 + · · ·+ q|ν| and
S(ν, q) =
2π2
g2
(
ν1∑
k1=1
q2k1
1
+
ν1+ν2∑
k2=ν1+1
q2k2
2
+
ν1+ν2+ν3∑
k3=ν1+ν2+1
q2k3
3
+ · · ·+
|ν|∑
kp=ν1+···+νp−1+1
q2kp
p

 . (39)
The important feature of the final expression (38) is that it agrees with the
expected sum (24) over classical solutions of the commutative gauge theory
on T2. For this, we note that the K-theory group of the ordinary torus is
K0(C(T
2)) = Z⊕ Z, so that any projective module E = Ep,q over the algebra
C(T2) of functions on the torus is determined by a pair of integers (p, q), with
dim Ep,q = p > 0 and constant curvature q/p. Geometrically, any such module
is the space of sections Ep,q = Γ (T2, Ep,q) of a complex vector bundle Ep,q →
T2 of rank p, Chern number q, and structure group U(p). The direct sum
decompositions (2) correspond to the usual Atiyah-Bott bundle splittings [28]
Ep,q =
⊕
k
Epk,qk (40)
into sub-bundles Epk,qk ⊂ Ep,q about each Yang-Mills critical point on T2.
The first two partition constraints in (3) for θ = 0 correspond to those on
the rank of (40), p =
∑
k pk with pk > 0. This condition coincides with (36),
where νa is the number of submodules Epk,qk of dimension a (equivalently
the number of sub-bundles Epk,qk of rank a). The action (39) is precisely of
the form (5) at θ = 0 and without the background flux subtraction, while
the exponential prefactors in (38) correspond to the fluctuation determinants
W (p, q) in (24).
The third constraint in (3) on the magnetic charges qk, which are dual to
the lengths of the rows of the Young tableaux of U(p), restricts the gauge the-
ory to a particular isomorphism class of bundles over the torus. It is straight-
forward to rewrite the partition function (38) of physical Yang-Mills theory,
14 L.D. Paniak and R.J. Szabo
defined as a weighted sum over contributions from topologically distinct vector
bundles over T2, in terms of that of Yang-Mills theory defined on a partic-
ular isomorphism class Ep,q of projective modules over Aθ up to irrelevant
constants as
Zp =
∞∑
q=−∞
(−1)(p−1)q Zp,q , (41)
where
Zp,q =
∑
partitions
(p,q)
(−1)|ν|
p∏
a=1
(
g2a3/2π2
)−νa/2
νa!
e−S(p,q) . (42)
The partition sum here arises from the sum over cycle decompositions that
appears in the group theoretic setting above, with the number of partition
components |ν| (or cycles) given by (4).
3.2 The Exact Vacuum Amplitude
From the commutative partition function (42) we may now extract the ex-
act expression for the noncommutative field theory defined for any θ in the
following manner. We use the fact, reviewed in section 5 of [1], that gauge
Morita equivalence provides a one-to-one correspondence between projective
modules over different noncommutative tori (i.e. for different θ’s) associated
with different topological numbers, augmented with transformations of con-
nections between the modules. It is an exact symmetry of the noncommutative
Yang-Mills action (1) which is firmly believed to extend to the full quantum
level. There are many good pieces of evidence in support of this assump-
tion [25, 29, 30].
In the present case, we will use the fact that Morita duality can be used to
map the quantum partition function of ordinary θ′ = 0 Yang-Mills theory on
T2 onto noncommutative gauge theory with deformation parameter θ = n/s.
The dimensionless coupling constant and module dimensions in (42) transform
in this case as g2 = |s|3 g′ 2 and dim E = dim E ′/|s|. The equivalence provides
a one-to-one correspondence between classical solutions in the two field the-
ories, i.e. their partitions. The symmetry factors νa! in (42) corresponding
to permutation of partition components of identical dimension are preserved,
as is the total number |ν| of submodules in any given partition (p, q). From
these facts it follows that the fluctuation factors in (42) are invariant under
this Morita duality only if the indices a transform as
a = a′/|s| , (43)
which is equivalent to the expected requirement that the cycle lengths a be
interpreted as the dimensions of submodules in the commutative gauge theory.
With these identifications we can now straightforwardly map (42) onto the
exact partition function of the θ = n/s Morita equivalent noncommutative
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gauge theory. The key point is that the localization arguments which led to
(24) do not distinguish between the commutative, rational or irrational cases
there. All of the analysis and formulas of the previous section hold universally
for any value of θ, and hence so should the exact expression for the vacuum
amplitude. Thus, given the generic structure of partitions as outlined in sec-
tion 1.3, including the general definition of νa, the final analytic expression
for the partition function of gauge theory on a fixed projective module over
the noncommutative torus, for any value of the noncommutativity parameter
θ, is given by
Zp,q =
∑
partitions
(p,q)
∏
a
(−1)νa
νa!
(
g2
2π2
(
pa − qaθ
)3)−νa/2
× exp
[
−2π
2
g2
∑
k
(pk − qkθ)
(
qk
pk − qkθ −
q
p− q θ
)2 ]
. (44)
We have reinstated the constant curvature of Ep,q, as it is required to en-
sure that the Yang-Mills action transforms homogeneously under Morita dual-
ity. This technique thereby explicitly determines the fluctuation determinants
W (p, q) of the semi-classical expansion (24).
We close this section with a brief description of how the expansion (44)
elucidates the relations with and modifications of ordinary Yang-Mills theory
on the torus:
• It can be shown [10] that the partition function (44) is a smooth function
of θ, even about θ = 0. At least at the level of two-dimensional noncom-
mutative gauge theory, violations of θ-smoothness in the quantum theory
disappear at the non-perturbative level.
• The Morita equivalence between rational noncommutative Yang-Mills the-
ory on a projective module Ep,q with deformation parameter θ = n/s,
n, s > 0 relatively prime, and ordinary non-abelian gauge theory is par-
ticularly transparent in this formalism. As mentioned above, for θ′ = 0
the module dimensions transform as dim E = dim E ′/s, and since in the
commutative theory the bundle ranks are always positive integers, any
module E in the rational theory has dimension bounded as dim E ≥ 1/s.
Since dim Ep,q = p − nq/s, it follows that any partition (p, q) of the ra-
tional theory consisting of submodules of dimension ≥ 1/s has at most
p−nq/s
1/s = ps − qn components. Thus any gauge theory dual to this one
admits partitions with ps− qn components. In particular, as we have seen
in the previous subsection, for U(N) commutative Yang-Mills theory the
maximum number of components is precisely the rank N , corresponding
to the cycle decomposition with ν1 = N and νa = 0 ∀a > 1. Putting these
facts together we arrive at the well-known result that noncommutative
Yang-Mills theory with θ = n/s on a module Ep,q is Morita equivalent to
U(N) commutative gauge theory on T2 with rank N = ps− qn.
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• The expansion (44) clearly shows the differences between the commutative
and noncommutative gauge theories. In the rational case θ = n/s, all
partitions contain at most ps − qn submodules of Ep,q of dimension ≥
1/s. But for θ irrational, there is no a priori bound on the number of
submodules in a partition (although it is always finite) and submodules
of arbitrarily small dimension can contribute to the partition function
(44). In particular, in this case we can approximate θ by a sequence of
rational numbers, θ = limm nm/sm with both nm, sm → ∞ as m → ∞.
The rigorous way to take the limit of the noncommutative field theory
is described in [31]. In the rational gauge theory with noncommutativity
parameter θm = nm/sm, the dimension of any submodule is bounded from
below by 1/sm. It follows that any rational approximation to the vacuum
amplitude Zp,q contains contributions from partitions of arbitrarily small
dimension. Thus although formally similar, the exact expansion (44) of
the partition function has drastically different analytic properties in the
commutative and noncommutative cases.
4 Instanton Contributions
The fact that gauge theory on the noncommutative torus has an exact semi-
classical expansion in powers of e−1/g
2
suggests that it should admit an in-
terpretation in terms of non-perturbative contributions from instantons of
the two-dimensional gauge theory. By an instanton we mean a finite action
solution of the Euclidean Yang-Mills equations (23) which is not a gauge trans-
formation of the trivial gauge field configuration A = 0. Interpreting (44) in
terms of such configurations is not as straightforward as it may seem, be-
cause the contributions to the sum as they stand are not arranged into gauge
equivalence classes. In this section we will briefly describe how to rearrange
the semi-classical expansion (44) into a sum over (unstable) instantons. This
will entail a deep analysis of the moduli spaces of the noncommutative gauge
theory and will also naturally motivate, via a comparison with corresponding
structures on the noncommutative plane, a matrix model analysis of the field
theory which will be carried out in the next section.
4.1 Topological Yang-Mills Theory
We will begin by studying the weak-coupling limit of the noncommutative
gauge theory as it is the simplest case to describe. In the limit g2 → 0, the
only non-vanishing contribution to (44) comes from those partitions for which
the Yang-Mills action attains its global minimum of 0. The only partition for
which this happens is the trivial one (p, q) = (p, q) associated to the original
Heisenberg module Ep,q itself. The corresponding moduli space of classical so-
lutions is the space of constant curvature connections on Ep,q modulo gauge
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transformations. Such classical configurations preserve 12 of the supersymme-
tries in an appropriate supersymmetric extension of the gauge theory [32, 33].
In this context, the classical solutions live in a Higgs branch of the 12 -BPS
moduli space, with the whole moduli space determined by a fibration over the
Higgs branch.
As described in detail in [1], as a vector space the Heisenberg module
is given by Ep,q = L2(R) ⊗ Cq, where L2(R) is the irreducible Schro¨dinger
representation of the constant curvature condition, and Cq is the q× q repre-
sentation of the Weyl-’t Hooft algebra in two dimensions. The latter algebra
is known to possess a unique irreducible unitary representation of dimension
q/N , N = gcd(p, q), so that module decomposes into irreducible components
as
Ep,q = L2(R)⊗ (Wζ1 ⊕ · · · ⊕WζN ) , (45)
where Wζ ⊂ Cq are the irreducible representations of the Weyl-’t Hooft alge-
bra and ζ ∈ T˜2 generate its center, with values in a dual torus to the original
one T2. The only gauge transformations which act trivially on (45) are those
which live in the Weyl subgroup of U(N), and dividing by this we find that the
moduli space of constant curvature connections on Ep,q is the N th symmetric
product
Mp,q = SymN T˜2 ≡
(
T˜2
)N
/ SN . (46)
Remarkably, this space coincides with Hom(π1(T
2), U(N))/U(N), the moduli
space of flat U(N) bundles over the torusT2 in commutative gauge theory [28].
Now let us examine more closely the partition function (44) in the limit
g2 → 0. After using Morita duality to remove the background flux contri-
bution, the series receives contributions only from partitions with vanishing
magnetic charges qk = 0 ∀k, and we find
Zp,q
∣∣
g2=0
=
∑
ν :
∑
a aνa=N
N∏
a=1
(−1)νa
νa!
(
g2a3
2π2
)−νa/2
+O
(
e−1/g
2
)
. (47)
We thereby find that the weak coupling limit is independent of the noncom-
mutativity parameter θ, and in particular it coincides with the commutative
version of the theory with structure group U(N). This is easiest to see from
the form (14), whose g2 = 0 limit gives explicitly
Zp,q
∣∣
g2=0
=
∫
dφ
∫
dA dψ e− i Tr (ψ∧ψ−φFA) . (48)
The integration over φ, after reinstating the proper constant curvature sub-
traction in (48), localizes this functional integral onto gauge field configura-
tions of constant curvature, and the partition function thereby computes the
symplectic volume of the moduli space (46) with respect to the symplectic
structure on Mp,q inherited from the one (7) on C(Ep,q). It is formally the
same as that of topological Yang-Mills theory on T2, except that now the
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noncommutativity (through Morita equivalence) identifies (46) as the space
of all constant curvature connections, in contrast to the usual case where it
only corresponds to flat gauge connections.
In this case, the gauge theory is BRST equivalent (in the sense described
in section 2.3 for t→∞) to that with gauge fixing functional V = Tr { 12 (H−
4FA) + ∇λ · ψ}, where we have introduced pairs (λ, η) and (χ,H) of anti-
ghost multiplets of ghost numbers (−2,−1) and (−1, 0), respectively, with
λ,H bosonic and η, χ Grassmann-valued fields. Their BRST transformation
rules are
[Qφ, λ] = i η ,
{Qφ, η} = [φ, λ] ,
{Qφ, χ} = H ,
[Qφ, H ] = i [φ, χ] , (49)
and the Qφ-invariant action SD ≡ − i {Qφ, V } is given by
SD = Tr
{
1
2 (H − FA)2 − 12 (FA)2 − iχ∇∧ ψ + i∇η · ψ
+ 12 χ [χ, φ] +∇λ · ∇φ+ i [ψ, λ] · ψ
}
. (50)
The functional V conserves ghost number and the action (50) has non-
degenerate kinetic energy, as in the case of the original Yang-Mills system
of section 2.3. It gives the action of two-dimensional Donaldson theory, and
in this way the full noncommutative gauge theory can be used to extract
information about the intersection pairings on the moduli space Mp,q [22].
Going back to the formula (47), we see that it involves a sum over cycles
ν of terms which are singular at g2 = 0. These terms represent contribu-
tions to the symplectic volume from the conical orbifold singularities of the
moduli space (46), which arise due to the existence of reducible connections.
For this, we note that the fixed point locus of a conjugacy class element
σ ∈ [1ν1 2ν2 · · · pνp ] acting on (ζ1, . . . , ζN ) ∈ (T˜2)N is
∏
a(T˜
2)νa . The action
of the corresponding stabilizer subgroup of SN is
∏
a Sνa ⋉ (Za)
νa , where
the symmetric group Sνa permutes coordinates in the factor (T˜
2)νa while
the cyclic group Za acts in each cycle of length a. Only the Sνa factors act
non-trivially, and so the singular locus of Mp,q is a disjoint union over the
conjugacy classes [1ν1 2ν2 · · · pνp ] ⊂ SN of the strata
∏
a Sym
νa T˜2, as reflected
by the expansion (47).
4.2 Instanton Partitions
Let us now consider the general case. The basic problem is that there is an iso-
morphism Emp,mq ∼= ⊕m Ep,q of Heisenberg modules, owing to the reducibility
of the Weyl-’t Hooft algebra, with Emp,mq and Ep,q both possessing the same
constant curvature. We circumvent this problem by writing each component of
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a given partition as (pk, qk) = Nk(p
′
k, q
′
k), withNk = gcd(pk, qk) and p
′
k, q
′
k rel-
atively prime, and restrict the sum over partitions (p, q) to those with distinct
K-theory charges (p′k, q
′
k). We call such partitions “instanton partitions” [10],
as they each represent distinct, gauge equivalence classes of classical solutions
to the noncommutative Yang-Mills equations. Then the direct sum decompo-
sition (2) is modified to
Ep,q =
⊕
a
ENap′a,Naq′a , (51)
and the corresponding moduli space of classical solutions is [10]
M′p,q =
∏
a
MNap′a,Naq′a =
∏
a
SymNa T˜2 . (52)
The orbifold singularities present in (52) can now be used to systematically
construct the gauge inequivalent contributions to noncommutative Yang-Mills
theory. In this way one may rewrite the expansion (44) as a sum over instan-
tons along with a finite number of quantum fluctuations about each instanton,
representing a finite, non-trivial perturbative expansion in 1/g. For more de-
tails, see [10].
4.3 Fluxon Contributions
The instanton solutions that we have found for gauge theory on the non-
commutative torus bear a surprising relationship to soliton solutions of gauge
theory on the noncommutative plane [2]–[4]. The classical solutions of the
noncommutative Yang-Mills equations in this latter case are labelled by two
integers, the rank of the gauge group and the magnetic charge, similarly to
the case of the torus. These noncommutative solitons are termed “fluxons”
and they are finite energy instanton solutions which carry quantized magnetic
flux. The classical action evaluated on a fluxon of charge q is given by [4]
S(q) =
2π2q
g2θ
. (53)
This action is very similar to (5) in the limit g2θ → ∞, and in [8] it was
described how to map the instanton expansion on the noncommutative torus
to one on the noncommutative plane by using Morita equivalence and taking
a suitable large area limit. In terms of the partition sum (44), a fluxon of
charge q is composed of νa elementary vortices of charges a = 1, 2, . . . . The
symmetry factors νa! appear in (44) to account for the fact that vortices
of equal charge inside the fluxon are identical, while the moduli dependence
(through the vortex positions) is accompanied by the anticipated exponent
|ν|, the total number of elementary vortex constituents of the fluxon. The
remaining terms correspond to quantum fluctuations about each fluxon in the
following manner.
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The basic fluxon solution corresponds to the elementary vortex configu-
ration ν1 = q, νa = 0 ∀a > 1. In the large area limit, the semi-classical
expansion (44) can be interpreted in terms of the contributions from basic
fluxons of charge q and classical action (53), along with fluctuations around
the soliton solution, leading to the partition function [8]
Zq = e
−2π2q/g2θ
N
√
g2θ
∑
ν :
∑
a aνa=q
q∏
a=1
(
− 1
νa!
√
2π2
a3g2θ3
)νa
. (54)
The (unweighted) sum over topological charges can be performed exactly and
the result is
Z ≡
∞∑
q=0
Zq = exp
[
−2π e
−2π2/g2θ√
g2θ3
Φ
(
e−2π
2/g2θ ; 32 ; 1
)]
, (55)
where the function
Φ(z; s;µ) =
∞∑
k=0
zk
(k + µ)s
(56)
is analytic in z ∈ C with a branch cut from z = 1 to z = ∞. The instanton
series has been resummed in (55) into the non-perturbative exponential, which
is typical of a dilute instanton gas. This is not surprising, given that fluxons are
non-interacting objects and thereby lead to an extensive partition function. It
would be interesting to examine the dynamics of all the instantons described
in this picture on the moduli spaces (46) and (52), using the Ka¨hler structure
inherited from the symplectic structure (7) and metric Trα · β on the space
C of compatible gauge connections.
The non-trivial results obtained for the noncommutative plane suggest
another way of tackling two-dimensional noncommutative gauge theory in
general [4]. Since the planar algebra of functions is generated by the coor-
dinate operators x1, x2 obeying the Heisenberg algebra [x1, x2] = i θ, gauge
connections act by inner automorphisms and may be written as
Di =
i
θ ǫij x
j +Ai (57)
for i = 1, 2. The curvature is given by
FA = [D1, D2]− iθ , (58)
and after a rescaling of fields the partition function is defined by the infinite
dimensional matrix model
Z = lim
ε→0+
∫
dD1 dD2 exp
[
− π θ
2g2
Tr
(
[D1, D2]− 1
)2 − ε TrD ·D] . (59)
The second term in the action of (59) regulates the partition function and is a
gauge-invariant analog of the infrared regularization provided by the area of
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the torus. It is required to ensure that the semi-classical approximation to the
functional integral exists. The classical fluxon solutions are unstable critical
points whose moduli are the positions of the vortices [4]. The Yang-Mills
energy density of the vortices is independent of these positions and integrating
along these moduli would lead to a divergent path integral in (59). While this
may seem like a fruitful line of attack, it presents many difficulties. Foremost
among these is the fact that finite action configurations would require the field
strength FA to be a compact operator. Since there are no bounded operators
Di for which (58) is compact, the effective gauge configuration space consists
only of unbounded operators and the partition function (59) is not naturally
realized as the large N limit of a finite dimensional matrix model. This makes
an exact solution intractable. In the next section we shall present a matrix
model formulation of noncommutative gauge theory in two dimensions which
circumvents these difficulties, and enables an explicit and exact analysis of
the configurations described here.
5 Combinatorial Quantization
In this final section we will show how a combinatorial approach can be used
to explicitly compute the partition function of noncommutative gauge theory
in two dimensions. Part of the motivation for doing this was explained at the
end of the last section. Another reason is to make sense of the Feynman path
integral over the space C of compatible connections. We will approximate C
by a finite-dimensional N × N matrix group and then analyse the partition
function in the limit N → ∞. The hope is then that this procedure yields
a concrete, non-perturbative definition of the noncommutative field theory.
This matrix model is intimately connected with a lattice regularization of the
noncommutative gauge theory obtained by triangulating T2, and restricting
to modules over the finite-dimensional matrix algebras. In this setting the
non-trivial K-theory of the torus algebra Aθ is lost, and as in section 3.1
the computation will give the Yang-Mills partition function summed over all
topological types of projective modules over Aθ. We will begin by recalling
some salient features of commutative lattice gauge theory, and contrast it with
what happens in the noncommutative setting. Then we will proceed to define
and completely solve the discrete version of noncommutative gauge theory in
two dimensions, and describe how it can be used to extract information about
the continuum field theory. The material contained in this section is new and
presents a novel explicit solution of noncommutative Yang-Mills theory.
5.1 The Local Lattice Regularization
In ordinary two-dimensional Yang-Mills theory, the lattice form of the quan-
tum field theory [34] possesses some very special properties and provides an
indispensible tool for obtaining its complete analytic solution [23, 24]. Let
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us consider the partition function on a disk of area A (fig. 2). It can be ob-
tained from the cylinder amplitude (29) by pinching the right boundary of
the cylinder to a point, so that U2 becomes the holonomy surrounding a disk
of vanishing area. The corresponding physical state wavefunction is the delta-
function supported at the identity element U2 = 11 of the unitary group with
respect to its Haar measure, Ψ [U2] = δ(U2, 11). Then from (29) with U1 = U
and U2 = 11 we obtain the disk amplitude
Z(A,U) =
∑
R
dimR χR(U) e
− g
2A
2 C2(R) . (60)
By using the area-preserving diffeomorphism invariance of the theory, we may
interpret (60) as an amplitude for a plaquette, i.e. the interior of a simplex in
a local triangulation of the spacetime (fig. 3).
U2 = 11U=U1
Fig. 2. The disk amplitude.
U U+ =
2A+1A
2A1A
W
W
V
V
Fig. 3. The partition function of two-dimensional Yang-Mills theory is invariant
under subdivision of the plaquettes of the lattice.
One of the main advantages of the discrete formalism is its self-similarity
property [23]. Consider the gluing together of two disk amplitudes along a
plaquette link as depicted in fig. 3. The gluing property follows from (60) and
the fusion rule (30) for the characters, which together imply∫
[dU ] Z(A1, V U)Z(A2, U
†W ) = Z(A1 +A2, V W ) . (61)
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This result expresses the renormalization group invariance of the basic pla-
quette Boltzmann weight. Subdivision of the lattice into a very fine lattice
yields a result which converges to that in the continuum theory. But (61) im-
plies that the computation may be carried out on an arbitrarily coarse lattice.
Hence the lattice field theory produces the exact answer and the continuum
limit is trivial. From this treatment it is in fact possible to directly obtain the
torus amplitude (31).
As we will soon see, this self-similarity property under gluing of plaquettes
is not shared by the noncommutative version of the lattice gauge theory,
reflecting its inherent non-locality. Noncommutativity introduces long-ranged
interactions between plaquettes of the lattice. A clear way to understand this
breakdown is to recall the Gross-Witten reduction of U(N) Yang-Mills theory
on R2 [35]. The calculation of the lattice partition function in this case can be
easily reduced to a single unitary matrix integration by exploiting the gauge
invariance of the theory. This is possible to do by fixing an axial gauge and
an appropriate change of variables. If Ui(x) denotes the operator of parallel
transport from a lattice site x to its neighbouring point along a link in direction
ıˆ, i = 1, 2, then one may fix the gauge U1(x) = 11 ∀x. This renders the theory
trivial in the 1ˆ direction. There is a residual gauge symmetry which may be
used to define U2(x + 1ˆ) = W (x)U2(x), and the partition function thereby
factorizes into a product of decoupled integrals over the unitary matrices
W (x) [35]. This is not possible to do in the noncommutative gauge theory,
because in its lattice incarnation it is required to be formulated on a periodic
lattice as a result of UV/IR mixing [25], and large gauge transformations
thereby forbid axial gauge choices. As expected, UV/IR mixing drastically
alters the Wilsonian renormalization features of the noncommutative field
theory, and it admits non-trivial scaling limits. Later on we will see how
noncommutativity explicitly modifies the Gross-Witten result.
5.2 Noncommutative Lattice Gauge Theory
We will now proceed to formulate and explicitly solve the noncommutative
version of lattice gauge theory, which gives yet another proof of the exact
solvability of the continuum theory. We discretize the torus of the previous
sections as an L×L periodic square lattice. For convenience, we assume that
L is an odd integer. Let ε be the dimensionful lattice spacing, so that the area
of the discrete torus is
A = ε2L2 . (62)
Any function f(x) on the periodic lattice admits a Fourier series expansion
over a Brillouin zone ZL × ZL,
f(x) =
1
L2
∑
m∈(ZL)2
f
m
e 2π imi x
i/εL . (63)
A natural lattice star-product may be defined as the proper discretized version
of the integral kernel representation of the continuum star product as
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(f ⋆ g) (x) =
1
L2
∑
y,z
f(x+ y) g(x+ z) e 2π i y∧z/ε
2L , (64)
where the sums run over lattice points. This identifies θ = 2/L and hence the
dimensionful noncommutativity parameter of the commutant algebra as
Θ =
θA
2π
=
ε2L
π
. (65)
As mentioned in the previous subsection, because of a kinematical version
of UV/IR mixing, the lattice regularization of noncommutative field theory
requires the space to be a torus [25].
We will now write down, in analogy with the commutative case, the natu-
ral, nonperturbative lattice regularization of the continuum noncommutative
gauge theory. This is provided by the noncommutative version of the standard
Wilson plaquette model [34]. The partition function is [25]
Zr =
∫ ∏
x
[
dU1(x)
] [
dU2(x)
]
exp
[
1
4λ2L
∑

trN
(
U

+ U †

)]
, (66)
where
λ =
√
g2ε2L (67)
is the ’t Hooft coupling constant. Here
∏
x[dUi(x)] is the normalized, invariant
Haar measure on the ordinary r × r unitary group U(r) with
r = L ·N , (68)
and N is the rank of the given module. The fields Ui(x) are U(N) gauge fields
which live at the links (x, i) of the lattice and which are “star-unitary”,
(Ui ⋆ U
†
i )(x) = (U
†
i ⋆ Ui)(x) = 11r . (69)
In the continuum limit ε → 0, they are identified with the gauge fields of
the previous sections through Ui = e
⋆ εAi . The sum in (66) runs through the
plaquettes  of the lattice with U

the ordered star-product of gauge fields
around the plaquette,
U

= U1(x) ⋆ U2(x+ ε 1ˆ) ⋆ U1(x+ ε 2ˆ)
† ⋆ U2(x)
† , (70)
where x is the basepoint of the plaquette and ıˆ denotes the unit vector along
the i th direction of the lattice. The lattice gauge theory (66) is invariant under
the gauge transformation
Ui(x) 7−→ g(x) ⋆ Ui(x) ⋆ g(x+ ε ıˆ)† , (71)
where the gauge function g(x) is star-unitary,
(g ⋆ g†)(x) = (g† ⋆ g)(x) = 11r . (72)
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5.3 Gauge Theory on the Fuzzy Torus
The feature which makes the noncommutative lattice gauge theory (66) ex-
actly solvable is that the entire lattice formalism presented above can be cast
into a finite dimensional version of the abstract algebraic description of gauge
theory on a projective module over the noncommutative torus [36]. For this,
we note that since the noncommutativity parameter of the commutant algebra
is the rational number θ = 2/L, the generators Zi ofAθ obey the commutation
relations
Z1Z2 = e
4π i /L Z2Z1 . (73)
This algebra admits a finite dimensional representation which gives the non-
commutative space the geometry of a fuzzy torus. Namely, Aθ can be repre-
sented on the finite dimensional Hilbert module CL, regarded as the space of
functions on the finite cyclic group ZL, as
Z1 = VL , Z2 = (WL)
2 , (74)
where VL andWL are the SU(L) shift and clock matrices which obey VLWL =
e 2π i /L WL VL.
Since (Zi)
L = 11L, the matrices (74) generate the finite-dimensional alge-
bra ML of L × L complex matrices. In fact, they provide a one-to-one corre-
spondence between lattice fields (63) with the star-product (64) and L × L
matrices through
fˆ =
1
L2
∑
m∈(ZL)2
f
m
e−2π im1m2/L Zm11 Z
m2
2 . (75)
It is easy to check that this correspondence possesses the same formal prop-
erties as in the continuum, namely
tr L fˆ = f0 =
1
L2
∑
x
f(x) , (76)
fˆ gˆ = f̂ ⋆ g . (77)
In particular, the star-unitarity condition (69) translates into the requirement
Uˆi Uˆ
†
i = Uˆ
†
i Uˆi = 11r . (78)
Therefore, there is a one-to-one correspondence between N ×N star-unitary
matrix fields Ui(x) and r×r unitary matrices Uˆi. In the parlance of the geom-
etry of the noncommutative torus, we have Aθ ∼=ML and the endomorphism
algebra is End(E) ∼= Aθ ⊗MN ∼= Mr . The gauge fields in the present setting
live in the unitary group of this algebra, which is just U(r) as above.
To cast the gauge theory (66) into a form which is the natural nonpertur-
bative version of (6) [36], we introduce connections Vi = e
ε∇i on this discrete
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geometry which are r× r unitary matrices that may be decomposed in terms
of the gauge fields Uˆi as
Vi = Uˆi Γi , (79)
where the matrices Γi = e
ε ∂i correspond to lattice shift operators. They
thereby satisfy the commutation relations
Γ1 Γ2 = ζ Γ2 Γ1 , (80)
Γi Zj Γ
†
i = e
2π i δij/L Zj , (81)
where
ζ = e 2π i q/L (82)
is a ZL-valued phase factor whose continuum limit gives the background flux
in (1). The integer q is chosen, along with some other integer c, to satisfy the
Diophantine equation
cL− 2q = 1 (83)
for the relatively prime pair of integers (L, 2). The equations (80) and (81)
can then be solved by
Γ1 =
(
W †L
)2q
, Γ2 =
(
VL
)q
. (84)
Note that while the Heisenberg commutation relations for constant curvature
connections admit no finite dimensional representations, the Weyl-’t Hooft
commutation relation (80), which is its exponentiated version, does. In other
words, the matrices (84) generate the irreducible action of the Heisenberg-
Weyl group on the finite-dimensional algebra Aθ ∼= ML. This construction
can be generalized to provide discrete versions of the standard Heisenberg
modules over the noncommutative torus [36].
We now substitute the matrix-field correspondences (63) and (75)–(77) for
the gauge fields into the partition function (66), use the fact that Γi generates
a lattice shift along direction ıˆ, and use the decomposition (79) to rewrite the
action in terms of the finite dimensional connections Vi. By using in addition
the invariance of the Haar measure, the Weyl-’t Hooft algebra (80), and the
representation of the trace tr r = tr L ⊗ trN on End(E) ∼= Mr, after some
algebra we find that the partition function (66) can be written finally as the
unitary two-matrix model [36]
Zr =
∫
[dV1] [dV2] e
1
2λ2
Re tr r ζ V1 V2 V
†
1 V
†
2 . (85)
This is the partition function of the twisted Eguchi-Kawai model in two di-
mensions [37, 38], with twist given by the ZL phase factor (82), and it coincides
with the dimensional reduction of ordinary Wilson lattice gauge theory to a
single plaquette [25]. The star-gauge invariance (71) of the plaquette model
(66) corresponds to the U(r) invariance
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Vi 7−→ gˆ Vi gˆ† , gˆ ∈ U(r) (86)
of the twisted Eguchi-Kawai model (85). Note that the U(r) gauge symmetry
of the matrix model (85) is a mixture of the original L×L spacetime degrees of
freedom of the noncommutative lattice gauge theory (66) and its U(N) colour
symmetry. The partition function (85) is a well-defined, finite-dimensional
operator version of the noncommutative Wilson lattice gauge theory in two-
dimensions, which we will now proceed to compute explicitly.
5.4 Exact Solution
To evaluate the unitary group integrals (85), we insert an extra integration
involving the gauge invariant delta-function acting on class functions on U(r)
to get
Zr =
∫
[dV1] [dV2]
∫
[dW ] δ
(
W , V1 V2 V
†
1 V
†
2
)
e
1
4λ2
tr r(ζ W+ζ W
†) . (87)
The delta-function in the Haar measure may be expanded in terms of the
orthornormal U(r) characters as
δ(W,U) =
∑
R
χR(W )χR(U
†) . (88)
As in section 3.1, the unitary irreducible representations R of the Lie group
U(r) may be parametrized by partitions n = (n1, . . . , nr) into r parts of
decreasing integers as in (32). The character of the unitary matrix W in this
representation can then be written explicitly by means of the Weyl formula
χR(W ) = χn(W ) =
deta,b
[
e i (na−b+r)φb
]
deta,b
[
e i (a−1)φb
] , (89)
where e iφ1 , . . . , e iφr are the eigenvalues of W .
On substituting (88) into (87), the integration over V1 and V2 can be
carried out explicitly by using the fusion rule (30) for the U(r) characters
along with the fission relation∫
[dU ] χ
n
(
U V U †W
)
=
χ
n
(V )χ
n
(W )
dn
, (90)
where
dn = χn(11r) =
∏
a<b
(
1 +
na − nb
b− a
)
(91)
is the dimension dimR of the representation R with highest weight vector
n = (n1, . . . , nr). In this way the partition function takes the form
Zr =
∑
n1>···>nr
1
dn
∫
[dW ] χ
n
(W ) e
1
4λ2
tr r(ζ W+ζ W
†) . (92)
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The twist factors (82) can be decoupled from the integration in (92) by the
rescaling W → ζ W and by using U(r) invariance of the Haar measure along
with the character identity
χ
n
(
ζ W
)
= e−2π i q C1(n)/L χ
n
(W ) , (93)
where
C1(R) = C1(n) =
r∑
a=1
na (94)
is the linear Casimir invariant of the representation R which counts the total
number of boxes in the corresponding U(r) Young tableau.
We now expand the invariant function in (92) which after rescaling is
the Boltzmann factor for the one-plaquette U(r) Wilson action. Its character
expansion can be given explicitly in terms of modified Bessel functions In(z) of
the first kind of integer order n which are defined by their generating function
as
exp
[
z
2
(
t+
1
t
)]
=
∞∑
n=−∞
In(z) t
n . (95)
By using (89) one finds [39]
e β tr r(W+W
†) =
∑
n1>···>nr
det
a,b
[
Ina−a+b(2β)
]
χ
n
(
W †
)
, (96)
and, by using the fusion rule (30), substitution of (96) into (92) gives a rep-
resentation of the lattice partition function as a sum over a single set of
partitions alone,
Zr =
∑
n1>···>nr
e−2π i q C1(n)/L
dn
det
a,b
[
Ina−a+b(1/2λ
2)
]
. (97)
To express (97) as a perturbation series in the effective coupling constant
1/λ2, we substitute into this expression the power series expansion of the
modified Bessel functions,
Iν(z) =
∞∑
m=0
1
m! Γ (ν +m+ 1)
(z
2
)ν+2m
, (98)
where Γ (z) is the Euler function. The infinite sum may then be extracted out
line by line from the determinant in (97) by using the multilinearity of the
determinant as a function of its r rows, and we find
Zr =
∑
n1>···>nr
e−2π i q C1(n)/L
dn
∞∑
m1=0
· · ·
∞∑
mr=0
r∏
s=1
(1/2λ)2ms
ms!
× det
a,b
[
(1/2λ)2(ma+na−a+b)
Γ (ma + na − a+ b+ 1)
]
. (99)
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Note that the total contribution to (99) vanishes from any set of integers for
which ma + na < a− r for any single index a = 1, . . . , r.
The determinant in (99) can be evaluated explicitly as follows. For any
sequence of integers s1, . . . , sr, we have
det
a,b
[
zsa−a+b
Γ (sa − a+ b+ 1)
]
= zs1+···+sr
∣∣∣∣∣∣∣∣∣∣
1
Γ (s1+1)
1
Γ (s2)
· · · 1Γ (sr−r+2)
1
Γ (s1+2)
1
Γ (s2+1)
· · · 1Γ (sr−r+3)
...
...
. . .
...
1
Γ (s1+r)
1
Γ (s2+r−1)
· · · 1Γ (sr+1)
∣∣∣∣∣∣∣∣∣∣
.
(100)
Factorizing 1/Γ (sb−b+r+1) from each column b of the remaining determinant
in (100) yields
det
a,b
[
zsa−a+b
Γ (sa − a+ b+ 1)
]
= zs1+···+sr
r∏
b′=1
1
Γ (sb′ − b′ + r + 1)
× det
a,b
[
(sb − b+ a+ 1)(sb − b+ a+ 2) · · · (sb − b+ r)
]
. (101)
The argument of the determinant in the right-hand side of (101) is a monic
polynomial in the variable αb = sb−b with highest degree term αr−ab . By using
multilinearity of the determinant, it becomes deta,b [α
r−b
a ] =
∏
a<b(αa − αb),
and we arrive finally at
det
a,b
[
zsa−a+b
Γ (sa − a+ b+ 1)
]
= zs1+···+sr
r∏
b=1
(r − b)!
Γ (sb − b+ r + 1)
×
∏
a<b
(
1 +
sa − sb
b− a
)
. (102)
Note that if s = (s1, . . . , sr) is a partition, then the last product in (102) is
just the dimension ds of the corresponding U(r) representation.
The partition function (99) is thereby given as
Zr =
∑
n1>···>nr
e−2π i q C1(n)/L
dn (2λ)2C1(n)
×
∞∑
m1=0
· · ·
∞∑
mr=0
r∏
b=1
(r − b)! (1/2λ)4mb
mb! Γ (mb + nb − b+ r + 1)
×
∏
a<b
(
1 +
ma −mb + na − nb
b− a
)
. (103)
Finally, we can simplify this expansion for Zr even further by decoupling the
sum over partitions n = (n1, . . . , nr). For this, we define a new set of integers
by
30 L.D. Paniak and R.J. Szabo
pa = na − na+1 + 1 , a = 1, . . . , r − 1 ,
pr = nr . (104)
Then the pa’s are all independent variables, constrained only by their ranges
which are given by 1 ≤ pa <∞ for a = 1, . . . , r − 1 and −∞ < pr <∞.
The decoupled expansion of the partition function is thereby obtained by
substituting
na = pa + pa+1 + · · ·+ pr + a− r , (105)
along with the explicit group theoretical formulas (91) and (94), into (103) to
get the final result (up to irrelevant numerical factors)
Zr =
∞∑
p1=1
· · ·
∞∑
pr−1=1
∞∑
pr=−∞
cos
(
2π q
L
r∑
b=1
b pb
)
×
∞∑
m1=0
· · ·
∞∑
mr=0
r∏
b=1
(b − 1)! (2λ)−4mb−2b pb
mb! Γ (mb + pb + pb+1 + · · ·+ pr + 1)
×
∏
a<b
ma −mb + pa + pa+1 + · · ·+ pb
pa + pa+1 + · · ·+ pb , (106)
where we have used the reality of the left-hand side of (96) to make the
expression for the partition function manifestly real by adding its complex
conjugate to itself. The partition function (106) is a straightforward expansion
in powers of 1/λ2 over 2r independent integers pa,ma, a = 1, . . . , r. Note the
reduction in the number of dynamical degrees of freedom of the model. The
original 2r2 degrees of freedom of the two-dimensional lattice gauge theory
(66) (or equivalently of the unitary two-matrix model (85)) is reduced to 2r.
This proves that the lattice model is exactly solvable, and thereby gives yet
another indication that noncommutative gauge theory in two dimensions is a
topological field theory. The sum (106) is formally analogous to the partition
expansion of continuum noncommutative Yang-Mills theory.
5.5 Scaling Limits
The final step of this calculation should be to take the continuum limit ε→ 0
of the lattice theory. In order to prevent the spacetime from degenerating to
zero area, from (62) we see that we must also take L → ∞, or equivalently
r →∞ in (106). There are different ways of performing these two limits, each
of which leads to a different continuum gauge theory. If the limit is taken
such that the dimensionful noncommutativity parameter (65) vanishes, then
the continuum limit is ordinary Yang-Mills theory in two dimensions. The
area (62) may be either finite or infinite in this limit. If A → ∞, then the
expansion (97) truncates to the trivial representation for which na = 0 ∀a
and one obtains
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Zr
∣∣∣∣ Θ→0
A→∞
= det
a,b
[
Ib−a(2/λ
2)
]
. (107)
This expression is recovered in the naive large r limit due to the suppression
of higher representations which is induced by the dimension factors dn in the
denominators of (97). It is just the standard expression for Yang-Mills theory
on the plane which arises from the one-plaquette Wilson model in the limit of
a large number of colours [40]. Going back to (92), we see that the truncation
to n = 0 is indeed nothing but the Gross-Witten reduction of commutative
lattice gauge theory in two dimensions [35].
The other scaling limit that one can take is ε → 0, L → ∞ with ε2L
finite. Then the noncommutativity parameter (65) is finite, but the area (62)
diverges. The resulting continuum limit is gauge theory on the noncommuta-
tive plane, and from (92) we see that its partition function generalizes that
of ordinary Yang-Mills theory by including a sum over non-trivial representa-
tions of the unitary group. This quantitative difference is similar in spirit to
that which occurs in the group theory presentation of noncommutative gauge
theory [14], which can be thought of as a modification of ordinary gauge the-
ory by the addition of infinitely many higher Casimir operators to the action
(equivalently higher powers of the field strength FA). The inclusion of higher
representations in the statistical sum means that this series cannot be ex-
pressed in terms of a unitary one-matrix model. Determinants such as (107)
whose matrix elements depend only on the difference between row and col-
umn labels are called Toeplitz determinants and are known to be equivalent
to the evaluation of a related unitary one-matrix integral [41]. In the present
noncommutative case, the partition function is not given by a Toeplitz deter-
minant, although it is represented by the unitary two-matrix model (85) and
depends only on the eigenvalues of the matrix W = V1 V2 V
†
1 V
†
2 .
Unravelling the precise continuum limit of the expansion (106) is one of
the important unsolved analytical problems in the combinatorial approach to
two-dimensional noncommutative Yang-Mills theory. The noncommutativity
parameter Θ enters in the ’t Hooft coupling constant as λ2 = π g2Θ and
implicitly in the factors of L = r/N appearing in (106). It is necessary to
identify whether the double-scaling limit required, over and above the naive
continuum limit, exists within this framework. Both the naive and non-trivial
double-scaling limits have been observed numerically in the Eguchi-Kawai
model [42], and more recent numerical investigations indicate that they exist
also within the full noncommutative field theory [9],[43]–[45]. The rigorous
derivation of this limit is described at the classical level in [31]. Amongst
other things, the solution to this system may help in unravelling the myste-
rious properties of the gauge group of noncommutative gauge theory, which
in the present context is formally an r → ∞ limit of U(r), confirming other
independent expectations [1, 4, 10],[46]–[48]. It would also be interesting to
understand the complete solution of the discrete theory whose continuum
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spacetime is a torus, which is given by a more general construction [36] to
which the present analysis does not apply.
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